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Abstract 

It is shown that if 1 < p < oo and X is a subspace or a quotient of an £ p -direct sum of finite 
£N| ■ dimensional Banach spaces, then for any compact operator T on X such that ||J + T|| > 1, the 

operator I + T attains its norm. A reflexive Banach space X and a bounded rank one operator T on 
, X are constructed such that 11/ + Til > 1 and I + T does not attain its norm. 
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All vector spaces in this paper are assumed to be over the field K, being either the field C of complex 
numbers or the field R of real numbers. As usual, N is the set of positive integers and E + is the set of 
non-negative real numbers. The Banach space of all bounded linear operators from a Banach space X to 
»^ | a Banach space Y is denoted by L(X,Y) and )C(X,Y) stands for the space of compact linear operators 

T : X ->Y. We write L(X) instead of L(X, X), K{X) instead of K{X, X) and X* instead of L(X, K). 

We say that T <E L(X, Y) attains its norm on x e X if ||x|| = I and ||Tar|| = ||T||. It is said that T 
attains its norm if there is an a; £ A with ||a;|| = 1 such that T attains its norm on x. We would like 
to mention a few classical results on the norm attaining property. The James theorem [TU] says that a 
Banach space X is reflexive if and only if any / e X* attains its norm. As a corollary of the James 
theorem, we have that X is reflexive if and only if any T € /C(X) attains its norm. Indeed, if X is non- 
reflexive, then the James theorem provides a bounded rank one operator which does not attain its norm. 
(NT On the other hand, if X is reflexive and T £ fC(X), then the function x i-> \\Tx\\ is weakly sequentially 

continuous and the closed unit ball of X is weakly sequentially compact and therefore the above function 
attains its maximum on the unit ball. Below it is shown that the situation with attaining of the norm for 
operators I + T with compact T is quite different. For further results on the norm attaining operators 
we refer to [2 H 02 El US H2] and references therein. 

The norm attaining property of operators is related to the concept of the pseudospectrum. Let X be 
a complex Banach space. For e > and T £ L(X), the e-pseudospectrum of T is usually defined as 



a £ (T) = {\eC:\\(T-\I)- 1 \\>e- 1 } (1.1) 

or as 

E e (T) = {A G C : || (T- A/) _1 | ^ e" 1 }, (1.2) 

where ||(T — A/) _1 || is assumed to be infinite if A belongs to the spectrum a(T) of T, see, for instance, 
[3 El H31 [161 HZl EH [22]. Recently Shargorodsky [21] demonstrated that the level set 

Z £ (T)\a e (T) = {\ E C : \\(T - XI)-^ = s- 1 } (1.3) 

can have non-empty interior in general, while its interior is empty when the space X or the dual space 
X* is complex uniformly convex. It is well-known that 

a e (T)= |J er(T + A), (1.4) 

P||<e 

see, for instance, (9) lllj . This equality is one of the main reasons why many authors prefer (jl.ip rather 
than (|1.2I) as the definition of pseudospectrum. We study the question whether the similar equality holds 
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in the case of non-strict inequalities: 



£ e (T) 



£°(T), where E°(T) = (J a(T + A). 



(1.5) 



A||<e 



It is worth noting that the inclusion 




(T) C S £ (T) 



(1.6) 



holds for any bounded operator T on any Banach space [51 I13j. It is proved by Finck and Ehrhardt, see 
[T3] , that the equality (|1.5p holds if X is a Hilbert space. Shargorodsky [35] constructed a bounded linear 
operator T on the reflexive space X — £ p x £ q with 1 < p < q < oo and the norm || (x, y)\\ — \\x\\ p + \\y\\ q 
for which (jl.5j) fails. He also constructed T £ K.(£\) for which (|1.5[) fails. These examples naturally lead 
to the following question, raised in [22] . 

Question 1.1. 7,s i£ irue that (|1.5|) ZioZds /or any compact operator on a reflexive complex Banach space? 

We show that, in general, the answer to Question II .11 is negative and demonstrate that if 1 < p < oo 
and X is an ^-direct sum of finite dimensional Banach spaces, then (ll.5[) holds for each bounded operator 
Toil. In particular, it holds when X — l v with 1 < p < oo. It turns out that the validity of (11.5[) for 
any compact operator T on a Banach space X is closely related to the norm- attaining property. 

Proposition 1.2. Let X be a complex Banach space, T £ K,(X), e > and z £ S £ (T). T/ien ifte 
following conditions are equivalent: 

(Oil) z e E°(T); 

(|L2l2) i/IKT-zrr 1 !! =e- 1 > I 1 , tften (T-z/)" 1 attains its norm. 
We use the above proposition in order to prove the following result. 
Proposition 1.3. Let X be a complex Banach space. Then the following conditions are equivalent: 
(|1.3H ) the equality (|1.5j) holds for any e > and any T € /C(X); 

(|1.31 2) /or any T £ fc(X) such that L + T is invertible and \\L + T\\ > 1, the operator I + T attains its 
norm. 

The above proposition motivates the introduction of the following class of Banach spaces. 

Definition 1. We say that a Banach space X belongs to the class W if for each T £ K{X) such that 
T\\ > 1, I + T attains its norm. 

From Proposition II .31 it follows that for any X £ W and any compact operator T on X, the equality 
(jl.5[) holds. It is also worth noting that the restriction ||J + T\\ > 1 is natural. Indeed, the diagonal 
operator D on £2 with the diagonal entries {1 — 2~™}„ s n has norm 1 which is not attained and D is 
the sum of the identity operator and a compact operator. The following proposition provides a sufficient 
condition for a Banach space to belong to W. 

Definition 2. Let 1 < p < 00. We say that a Banach space X is a p-space if X is reflexive and for 
any x £ X and any weakly convergent to zero sequence {it n }rieN in X, 



It is easy to see that any Hilbert space is a 2-space and that any finite dimensional Banach space is 
a p-space for any p. Note that an infinite dimensional Banach space cannot be a p-space and a q-space 
for p ^ q. Recall that if 1 ^ p < 00 and {X a } ae \ is a family of Banach spaces, then their £ p -direct sum 
is the space 



v qEA 7 

When the family consists of just 2 spaces X and Y we denote its £ p -direct sum by X © p Y. We also 
denote X x Y with the norm ||(a;, y)\\ — max{||a;||, ||y||} by the symbol X Y. 



n 



lim (\\x + u n \\-(\\x\\P + \\u n \\P) 1/p ) =0. 



(1.7) 




endowed with the norm 




2 



Proposition 1.4. Let 1 < p < oo. T/ien anj/ closed linear subspace of an £ p -direct sum of any family of 
finite dimensional Banach spaces is a p-space. 

The following two theorems provide, in particular, a partial affirmative answer to Question ll.il The 
next one extends the validity of (jl.5l) for any bounded operator T from just Hilbert spaces to a wider 
class of Banach spaces. 

Theorem 1.5. Let 1 < p < oo and X be an £ p -direct sum of a family of complex finite dimensional 
Banach spaces. Then (jl.5p holds for any T G L(X). 

In the case of compact operators, we can extend the last theorem. 

Theorem 1.6. Let 1 < p q < oo, X be a p-space and Y be a q-space. Then for any J G L(X,Y) and 
T G IC(X, Y) such that \\J + T\\ > ||J||, the operator J + T attains its norm. In particular, any p-space 
belongs to W. 

Theorem 11.61 and Proposition 11.31 imply the following corollary. 

Corollary 1.7. Let 1 < p < oo and X be a complex p-space. Then (|1.5[) holds for any T G JC(X). 

Even a slight perturbation of the norm destroys the above results. The following theorem provides a 
negative answer to Question ll.il 

Theorem 1.8. Let 1 < p < oo. 1 ^ q ^ oo, q ^ p and X = K <3) q t p . Then there exists a compact 
operator T on X such that I + T is invertible, \\I + T\\ > 1 and I + T does not attain its norm. 

Proposition 1 1.31 and Theorem 1 1 . 81 imply that for 1 < p < oo and 1 ^ q ^ oo, q ^ p there are e > and 
T G K.(C (B q £ p ) such that (|1 .5[) fails. Since K (B q t p is isomorphic to i p , we see that belonging to W and 
validity of (|1.5j) are renorming sensitive properties. In particular, K (B p £2 is isomorphic to the Hilbert 
space £2 for any 1 < p $C 00 and belongs to W if and only if p = 2. However, for the spaces K ® p £2 the 
situation improves if we consider finite rank operators instead of compact ones. 

Proposition 1.9. Let 1 ^ p ^ 00, Y be a finite dimensional Banach space and X = Y ® P £2- Then for 
any bounded finite rank operator T on X , the operator I + T attains its norm. 

The last proposition suggests that the answer to Question 11.11 might be affirmative if we replace the 
compactness condition by the stronger one of T having finite rank. Unfortunately this is not the case. 

Proposition 1.10. There exists a norm \\ ■ \\ on £2, equivalent to the original norm \\ ■ W2, and a rank 
one operator T on £2 such that T 2 — 0, ||7 + T\\ =2 (with respect to the norm || ■ || on £2) and the norm 
of I + T is not attained. 

The equality T 2 = for the operator from the above proposition ensures invertibility of T — I and 
the equality I + T = -(T- J) -1 . Thus (T - I)- 1 docs not attain its norm and ||(T-7) _1 || = 2 > 1. By 
Proposition O -1 G S 1/2 (T) \ E° /2 (T) and (T5]) fails for T with e = 1/2. 

2 Proof of Propositions 11.21 and 11.31 

The following lemma is a known fact [9l [13] . For convenience of the reader we reproduce its short proof. 

Lemma 2.1. Let X be a complex Banach space e > and T G L(X). Assume also that z G T, e (T)\a(T) 
and (T — zl)^ 1 attains its norm. Then there is A G L(X) such that \\A\\ ^ e and z G <j(T + A). 

Proof. Since (T — zl)^ 1 attains its norm, there exist x, y G X such that ||y|| = ||a;|| = 1 and (T — 
zl)~ 1 x = cy, where c — ||(T — zl)~ 1 \\. Using the Hahn-Banach theorem, we can pick / G X* for which 
11/11 = f(y) = 1- Consider the operator 

AeL(X), Au = -c~ 1 f(u)x. 

Clearly ||A|| ^ c _1 . Since z G E e (T), we have c _1 ^ e. Thus || A|| ^ e. Moreover, Ay — —c~ 1 x. From the 
equality (T — zl)~ x x = cy it follows that Ty — zy + c~ x x. Hence (T + A)y = zy and z G a(T + A). □ 
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2.1 Proof of Proposition 11.21 



If X is finite dimensional, then any S E L(X) attains its norm and according to Lemma |2~T1 both (jl.2l l) 
and (|1.2I 2) are satisfied. Thus for the rest of the proof, we can assume that X is infinite dimensional. 

Assume that (|1.2I 2) is satisfied. Since X is infinite dimensional and T is compact, \\(T— zl)' 1 ]] 
If the relation WiT-zI)' 1 ]] = e' 1 > {z]' 1 fails, then either \\{T - zl)' 1 ]] > e' 1 or \\{T - zl)'^ = e' 1 = 
\z\~ x . If || (T - ziy x \\ > e'\ then z E a e (T) and, according to ifLI]) . z € S°(T). If ||(T - zl)'^ = 
e' 1 = | | 1 , then ||A|| = e, where A = zl. Since X is infinite dimensional and T is compact, we have 
€ er(T). Hence z E a(T + zl) = a(T + A). Thus z E E°(T). It remains to consider the case when 
||(T — = e' 1 > and (T — zl)' 1 attains its norm. In this case, from Lemma [2.11 it follows 

that z E S°(T). The implication ([L~2l2) =^> ([L2ll) is verified. 

Assume now that (|1.2I 1) is satisfied. That is, there exists A E L(X) such that \\A\\ ^ e and z E 
<t{T + A). Hence E a(T - zl + A). Suppose that (HH2) fails. Then ||(T - zl)~ l \\ = e' 1 > Iz^ 1 
and the norm of (T — zl)' 1 is not attained. Since \\A\\ ^ e and |z| > e, the operator —zl + A is 
invertible. Then T — zl + A is a Fredholm operator of index zero as a sum of a compact operator T and 
an invertible operator —zl + A. Since E u{T — zl + A), T — zl + A is non-invertible and therefore, 
being a Fredholm operator of index zero, it has non-trivial kernel. Thus we can pick x E X such that 
||a;|| = 1 and (T - zl + A)x = 0. It follows that -Ax = (T - zl)x and therefore x = —{T - zI)' 1 Ax. 
Using the relations ||(T — = e' 1 and ||A|| ^ e, we obtain 

1 = ||z|| = || - (T — zI)' 1 Ax\\ < e- l \\Ax\\ < e^PUM < ||z|| = 1. 

Obviously, all inequalities in the above display should be equalities which can only happen if ||A|| = 
|| = e. Then ||y|| = 1, where y = —e' 1 Ax. Since — (T — zI)' 1 Ax = x, we obtain (T — zl)' 1 y = e' 1 x. 
Thus \\(T- zl)' 1 y\\ = e' 1 = ||(T-z/) _1 ||. That is, (T - zl)' 1 attains its norm on y. This contradiction 
completes the proof of the implication (jl.2l l) =>■ (|1.2I 2) and that of Proposition II .21 

2.2 Proof of Proposition Q 

First, assume that (|1.3I 21 is satisfied. Let also T E fC(X), e > and z E S e (T). According to (|1.6j) . it 
suffices to show that z E Ej?(T). By Proposition 11.21 the latter happens if and only if (|1.2I 2) is satisfied. 
Assume that it is not the case. Then ||(T — z/) _1 || = e' 1 > | ^ | 1 and the norm of (T — zl)' 1 is not 
attained. On the other hand, (T — zl)' 1 = — z' x (l + S), where S = —z(T — zl)' 1 — I is compact. 
Moreover \\I + S\\ > 1 since ||(T — z/) _1 || > |z| _1 . By (|1.3I 2). I + S attains its norm and therefore so 
does (T — zl)' 1 . This contradiction proves the implication (|1.3I 2) (|1.3U ). 

Next, assume that (fOl l) is satisfied, T E fC(X), I + T is invertible and c = ||7 + T|| > 1. Let 
S = {I + T)' 1 - I. Clearly S is compact and I + T = (S + I)' 1 . Let e = c' 1 . Since IKS' + I)' 1 \\ = 
\\I + T\\ = e' 1 > 1, we have -1 E E e (S). According to ljT5l2). -1 E E°(5). Proposition O implies now 
that (S + I)' 1 = I + T attains its norm. This completes the proof of the implication (jl.3l l) ==> (11.31 2) 
and that of Proposition 1 1.31 

3 ^-direct sums of finite dimensional Banach spaces 

Throughout this section 1 < p < oo and X is the ^-direct sum of a family {X a : a E A} of finite 
dimensional Banach spaces. For x E X , the support of x is the set 

supp(ir) = {a £ A : i a / 0}. 

From the definition of the £ p -direct sum it follows that the support of any element of X is at most 
countable. For a subset B of A, we consider Pb £ L{X) defined by the formula 

, u s. ( x a if a E B, . . 

(^)a = | iia ^ B (3-1) 

Clearly Pb is a linear projection and ||Pb|| = ||^ — Pb\\ = 1 if B is non-empty and B ^ A. 
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Lemma 3.1. Let {Xn} n eH be a sequence in X weakly convergent to zero and {£k\k^n &e o- sequence 
of positive numbers. Then there exist a strictly increasing sequence {n/cjfcgN of positive numbers and a 
sequence {uk}k£f( of elements of X such that \\x nk — u^W < £k for each k £ N and the sets supp(wfc) are 
finite and pairwise disjoint. 

Proof. We construct the required sequences inductively. On the first step we take m = 1, pick a finite 
subset B of A such that \\x\ — Pb^i|| < £\ and put u% = PbX\. 

Assume now that k ^ 2, m < . . . < rik-i, ui, . . . are vectors in X with pairwise disjoint 

finite supports such that \\x n . — Uj\\ < £j for f ^ j ^ fc — 1 . Let now C be the union of supp(uj) for 
1 ^ J < A; — 1. Since C is finite, Pc is a compact operator and therefore || Pc x n || — > as n — > oo. Thus 
we can pick n k > Uk-i such that ||Pcx„ fc || < fffe/2. Next, choose a finite subset A of A such that C C A 
and \\x nk - PAXn h \\ < £fe/ 2 and P ut u k = PAX Uk - Pcx nk . Clearly supp(w fc ) C A \ C and therefore u k 
has finite support and the supports of ui, . . . ,Uk are pairwise disjoint. Finally, 

\\x nk - Uk\\ = \\PcX rlk + (x nk ~ PAX„ k )\\ < \\x nk - PA^nJ + \\PcX nk \\ < 6 k /2 + E k /2 = £fe. 

The description of the inductive construction of sequences {n k } and is now complete. □ 
Lemma 3.2. X is a p-space. 

Proof. Since 1 < p < oo, X is reflexive as an ^-direct sum of reflexive Banach spaces. Let x £ X and 
{wnlngN be a sequence in X weakly convergent to 0. Let also e > 0. Pick a finite subset B of A such that 
|| as — Pbx|| < e. Since Pb is a compact operator and {u n } converges weakly to 0, we have ||Pbu„| — > 
as n — > oo. Let x n = u n — PsUn- Then \\x n — u n \\ — > as k — > oo and supports of x n do not meet B. 
Since the support of Pbx is contained in P, the supports of x n do not intersect the support of Pbx and 
from the definition of the norm on X it follows that 

\\p B x+x n \\ = (\\p B x\\p + \\x n \n 1/p - 

Since \\x — Pbx\\ < e and \\x n — u n \\ -> as n -> oo, we see that 

\\\P B x + x n \\-\\x + u n \\\ <e and \(\\x\\p + \\u n \n 1/p ~ (\\P B x\\ p + \\x n \\P) 1/p \ < £ 
for all sufficiently large n. From the last two displays it follows that 

for all sufficiently large n. Since e > is arbitrary, the equality (|1.7p follows. □ 



3.1 Proof of Proposition 11.41 

By Lemma [321 the class of p-spaces contains ^-direct sums of finite dimensional Banach spaces. From 
the definition it immediately follows that (closed linear) subspaces of p-spaces are p-spaces. Hence closed 
linear subspaces of £ p -direct sums of finite dimensional Banach spaces are p-spaces. 



3.2 Operators on p-spaces 

Lemma 3.3. Let 1 < p $J q < oo. Y be a p-space, Z be a q-space, T £ L(Y, Z), {x n } ne fi be a sequence 
in Y such that \\x n \\ —> 1 and ||Tx n || — > ||P| as n — » oo and {x n } is weakly convergent to x £ X. Then 
||Tx|| = ||T||||ar||. 

Proof. Let u n = x n — x. Then {u n } is weakly convergent to 0. Since T is linear and bounded, T is also 
continuous with respect to the weak topology and therefore {Tu n } is weakly convergent to 0. For brevity 
denote c = \\T\\. Since Y is a p-space and Z is a g-space, we have 

1= lim \\xn\\ = lim \\x + u n \\ - lim {\\x\\ p + \\u n \\ p (3.2) 

n—¥oo n—too n— >-oo 

lim HTa^l! = lim \\Tx + Tu n \\ = lim {\\Tx\\ q + ||Tu„|| 9 ) 1/<? . (3.3) 



n— >oo n— too 
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Clearly ||Tu n || < c\\u n \\ for each n G N. Assume that ||Tx|| ^ c\\x\\. Then ||Tx|| < c||x||. Using these 
inequalities together with (|3.2[) and (|3.3[) and taking into account that p g, we obtain 

c = lim (||Tx|| 9 + WTu^) 1 ^ < lim (c*||x||« + c q \\u n \\ q ) 1/q < c lim (||x|| p + ||u„|| p ) 1/p = c. 

This contradiction proves the equality ||Tx|| = c||x||. □ 

Recall that X is the ^,-direct sum of the family {X a : a G A} of finite dimensional Banach spaces. 
Lemma 3.4. Let T G L(X) be such that 

inf ||Tx||=c>0. (3.4) 

11*11=1 

Then there exists S G L{X) such that \\S\\ = c and 

inf ||(T + 5)x||=0. (3.5) 
M=i 

Proof. Pick a sequence {x n } n eN in X such that ||x„|| — > 1 and ||Tx„|j — > c as n — > oo. Since X is reflexive, 
we can choose such a sequence {x n } being weakly convergent to x G X . Clearly ||x|| ^ 1. 

Case x = 0. That is, {x„} weakly converges to 0. By Lemma |3.1[ we can find a strictly increasing 
sequence {rik}ken of positive integers and a sequence {j/fe}feeN of elements of X$ such that the supports 
of yk are pairwise disjoint and 

\\x nk -y k \\ < 2- fe for any k G N. (3.6) 

Since the sequence {x nk } weakly converges to 0, formula (|3.6|) implies that {yk} also weakly converges 
to 0. Since T G L(X), the sequence {T?/fc} weakly converges to 0. Using Lemma T3.ll once again, we see 
that there exist a strictly increasing sequence {fc m }m6N of positive integers and a sequence {u> m }meN in 
Xq such that the supports of w m are pairwise disjoint and 

\\Ty km - w m \\ < 2~ m for any m G N. (3.7) 

From (JSU) it follows that ||Tx„ fc - Ty k \\ ^ 2- k \\T\\ for any k G N. Since ||Tx„ fe || — ► c as k — > oo, we have 
ll^yfeU — > c as k — > oo. Now by (13.71) and (13.6[) we obtain 

lim ||yfe OT ||=l and um ||«> m || = c. (3.8) 



m— >oo 



For each m G N let A m — supp(yj. m ), P m = and X m = P m (A). By Hahn-Banach theorem, for 
any m G N, we can find y> m G Aj^ such that \\(Pm\\ = 1 and ip m (yk m ) — \\yk m \\- Consider the operator 
S G L(X) defined by the formula 

ip m (P m u) 



Su = —c 



\\w m \\ 



m— 1 

From the equalities \\if m \\ — L pairwise disjointness of A m and pairwise disjointness of supp(u> m ) it 
immediately follows that 11511 = c. On the other hand, by the definition of S 

a 4VkJ\ , ^ m 

oyk m =--r, rrw m lor any m GN. 

\\Wrn\\ 

According to (|3.8|l we have \\Sy km + io m || -> as m oo. Thus by (|3.7j) . || (T + S)y km || -> as to ->• oo. 
From p. 81) it follows that ||j/fc m || — ► 1 as m — > oo. Hence (|3.5p is satisfied. 

Case x 7^ 0. Let Y — T(X). According to (13.41) . Y is a closed linear subspace of X and T : X — > Y 
is invertible. Consider R G L(Y,X) being the inverse of T : X — » y. From (|3.4I) it follows that 
||i?|| = c" 1 . It is also clear that the sequence u n — c~ 1 Tx n is weakly convergent to c~ 1 Tx and \\u n \\ — > I 
as n — > oo. Moreover Ru n = c~ 1 x n for any n G N and therefore -Rit n weakly converges to c _1 x and 
||i?u„|| — !• c" 1 = ||i2|| as n — > oo. By Proposition 11.41 X and y are p-spaces. Hence, according to 
Lemma [3.3[ \\R\\ ||c _1 Tx| = ||c _1 i?Tx|| . Taking into account that RTx = x and ||i?|| = c _1 , we have 
\\Tx\\ =c||x||. By Hahn-Banach theorem, we can find ip G X* such that \\<p\\ = landy>(x) = ||x||. Let now 
S G L(X), Su = -||x||-V(w)Tx. Since ||Tx|| = c||x|| , we have ||5|| < c. Moreover (T+S)x = Tx~Tx = 
and therefore T + S has non-trivial kernel. Hence (13.51) is satisfied. □ 
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3.3 Proof of Theorem [13] 

Let T G £p0, £ > and z G S e (T). In view of (|L~6]l . it suffices to show that z G £°(T). Since z G E e (T), 
we have ||(T - zl)~ 1 \\ ^ e" 1 . If ||(T - z/)- 1 !! > e" 1 , the inclusion z G E°(T) follows from ([L"4) . It 
remains to consider the case ||(T — z/) _1 || = e _1 . In this case 

e= inf ||(T-zJ)x||. 

||a;||— 1 

By Lemma T3.4[ we can find S G L(X) such that \\S\\ ^ e and 

0= inf \\{T - zl + S)x\\. 

||x||=l 

The last display implies that T + S — zl is not invertible. Hence z G cr(T + S). Since ^ e, we obtain 
the required inclusion z G E"(T). 

3.4 Proof of Theorem [L6] 

Lemma 3.5. Let Y and Z be Banach spaces, J G L(Y, Z) and T G K,{Y,Z) be such that ||«7 + T|| > ||J||. 
Assume also that {x„} ne N is a sequence of vectors in Y weakly convergent to x G Y for which \\x n \\ — > 1 
and || (J + T)x„\\ — > || J + T|| as n — > oo. T"/ien x ^ 0. 

Proof. Since T is compact, ||Tx„ — Ta;|| — > as n — ¥ oo. Hence lim || Jx n + Tx|| = II J + Til. On the 
other hand, lim || Jx n \\ ^ ||J||. Thus using the triangle inequality, we obtain ||Ta;| ^ || J + T\\ — \\J\\. It 
follows that ||a;||||T|| ^ ||Tx|| ^ || J + T\\ - \\J\\ > 0. Hence, x ^ 0. □ 

We are ready to prove Theorem 11.61 Pick a sequence {x n }neN of elements of X such that ||a;n|| = 1 
for any n G N and ||(J + T)ir n || — > ||J + T|| as n — > oo. Since X is reflexive, we, passing to a subsequence, 
if necessary, may assume that {x n } weakly converges to i G X. By Lemma 13.51 x ^ 0. According to 
Lemma [5~3l \\Jx + Tx\\ = \\x\\ \\J + T\\. Hence J + T attains its norm on the vector x/||x||. 



4 Operators on K g £ p 

We start by a series of elementary observations. 

Lemma 4.1. Let X and Y be Banach spaces and T € L(X, Y) be an operator attaining its norm. Then 
the dual operator T* G L(Y* , X*) attains its norm. 

Proof. Since T attains its norm, there exists x £ X such that ||x|| = 1 and ||Tx|| = ||T|j. By Hahn-Banach 
theorem, we can pick ip G Y* such that ||</?|| = 1 and (p(Tx) — ||Tx||. Since ip(Tx) = (T*ip)(x), we have 
tp{Tx) 5$ ||TV||||x|| = ||r>||. Since ||Tx|| = ||T|| = ||T*||, we see that ||TVH > \\T*\\ and ||^|| = 1. Thus 
\\T*ip\\ = \\T*\\ and therefore T* attains its norm at tp. □ 

The above lemma immediately implies the following corollary. 

Corollary 4.2. Let X be a reflexive Banach space and T G L(X). Then T attains its norm if and only 
if T* attains its norm. 

In particular, using the facts that an operator is compact if and only if its dual is compact and an 
operator is invertible if and only if its dual is invertible, we have the following result. 

Corollary 4.3. Let X be a reflexive Banach space. Then X £ W if and only if X* G W. Moreover, the 
following two statements are equivalent: 

(|4.31 1) there is a compact operator T on X such that I + T is invertible, \\I + T\\ > 1 and 1 + T does not 
attain its norm; 

(|4.31 2) there is a compact operator S on X* such that I + S is invertible, \\I + S\\ > 1 and 1 + S does not 
attain its norm. 
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4.1 Proof of Theorem 11.81 

Let 1 < p < oo, 1 ^ q ^ oo, p ^ q and X — K (B q £ p . Clearly X is reflexive and X* is naturally 
isometrically isomorphic to K © g / £ p /, where p + p"~q + ^ = l- ^ is also easy to see that p' > q' if 
p < q and p' < q' if p > According to Corollary 14.31 it is enough to prove Theorem 11.81 in the case 
p < q. Thus from now on, we assume that p < q. 

We naturally interpret X as a space of sequences x = {x n }„^o, where xq and {x„}„ e N correspond to 
the IK-component and the £ p -component in the decomposition X = ~K<3) q l p respectively. For any 
we denote 

i/p 

(4.1) 

v n=2 



a[x) = \x \, 0(x) = \xi\ and 7(2;) = ( \x n \ p j 

Clearly, for x 6 X, 



|x|| = f(a(x),0(x),f(x)), where (4.2) 

/(«,ft7)=( (^t^+rciT i [ <,<00 ' <«> 

I maxja, (p p + 7 P ) 1/P | if g = oo. 

Consider the operator S* € £(^0 defined by the formula (Sx)o = x%, (Sx)i = xo and (Sx) n = if 
n ^ 2. That is, 

/ 2x 2 3x 3 

Ax = \xi,x , — , — , . 

Clearly T = S — I is compact. Thus in order to verify that T satisfies the required conditions, it suffices 
to show that S = I + T is invertible, ||5|| > 1 and S does not attain its norm. Invertibility of S is obvious. 
Indeed, the operator R G L(X) defined as Rx = (xi, xo, 3^2/2, 4x3/3, . . . ) is the inverse of S. Next, let 
x G X be such that ||x|| = 1 and let a(x), /3(x) and j(x) be the numbers defined in (|4.ip . It is clear that 
a(Sx) — (3(x), /3(Sx) = a(x), -f(Sx) ^ l{x). Moreover, 7(<Sx) < -f(x) if 7(2;) > 0. Thus according to 

{Eg, 

f(a(x),0(x),-y(x)) = 1 and ||&c|| = f((3(x), a(x), 7 (Sx)) ^ /03(x),a(x), 7 (x)). (4-4) 
Moreover, since j(Sx) < j(x) when 7(0;) > 0, we have 



(4.5) 



\\Sx\\ < f((3(x), a(x), 7(x)) if q < 00 and 7(2;) > 

and if q = 00, j(x) > and /3(x) < (a(x) p + j(x) p ) 1 / p . 

According to (|4~4"1) . ||5x|| ^ C, where 

C-sup{/(/3,a, 7 ):(a,/3, 7 )e^} and K — {(a, (3, 7) G M.\ : f(a, f3, 7) = 1}. 

Since K is compact and / is continuous, the supremum in the definition of C is attained. Using, for 
instance, the Lagrange multipliers technique, one can easily see that the function (a, ,8,7) 1— > /(/3, a, 7) 
from K to R+ attains its maximal value C = 2~p~« in exactly one point being {2~ 1 / q , 0, 2~ 1 / 9 ). From 
(|4.5|) it now follows that 

115x11 < C = 2~p~~i whenever ||x|| = 1. (4-6) 

Now consider the sequence x„ = 2~ 1 / q e + 2~ x / q e n , n G N, where {e^} is the canonical basis in the 
sequence space X. Clearly \\x n \\ = 1 for each n G N. On the other hand, for any n 2, Sx n = 

2- 1 /^ei + ^pj-e„) and therefore 

||5x„|| =2- 1 /«^l+ (-^-) P ^) *->2p _ ? as n^oo. (4.7) 

From (|4.6|) and (|4.7|) it follows that ||5|| = 2?"' > 1 and the norm of S is not attained. The proof of 
Th.corcm ll.8l is now complete. 
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5 Proper extensions of Hilbert spaces and finite rank operators 

In this section we prove a theorem slightly stronger then Proposition 11.91 We need some preparation. 
Throughout this section T-L is a Hilbert space and n £ N. We say that X = K™ x Ti is a proper extension 
of H if X is endowed with a norm such that 

||(t,x)|| = ip(t, \\x\\) for any t £ K n , x € (5.1) 

where 93 : IK™ x R + — » M + is a function and <p(0, 1) = 1. The fact that (t,x) i-> y(t, ||x||) is a norm 
on X implies immediately that tp is Lipschitzian, convex, (p(t,a) > 0, whenever (t, a) ^ (0,0) and 
tp(st,sa) = stp(t,a) for any s,a € M+ and f G K™. The normalization condition ip (0,1) = 1 implies that 
||(0, x)|| = \\x\\ n for any x £%. Thus V. is naturally isometrically embedded into X. Since W. has finite 
codimension in X , we see that X is a Banach space and admits an equivalent norm which turns it into 
a Hilbert space. In particular, X is reflexive. 

Theorem 5.1. Let X = K" xH be a proper extension of a Hilbert space %. Then for any bounded finite 
rank operator T on X , I + T attains its norm. 

Proof. Let tp : K" x R + — » M + be a function defining the norm on X according to (|5.ip . If "H is finite 
dimensional, the result becomes trivial. Thus we can assume that T-L is infinite dimensional. Pick a 
sequence = (ifc,Xfc)}fceN of elements of X such that ||£ fe || — > 1 and ||(7 + T)£ fc || — >• c as k — > 00. 
Since X is reflexive, we can, passing to a subsequence, if necessary, assume that converges weakly 
to £ = (t, x) G X. Since T has finite rank, {T^} is norm convergent to T£ = (s,y). Next, since weak 
and norm convergences on a finite dimensional Banach space coincide, we see that {tk} converges to t in 
C™. Passing to a subsequence again, if necessary, we can assume that \\xu — x|| — > a £ M+. 

Since Xk — x is weakly convergent to zero in the Hilbert space % and any Hilbert space is a 2-space, 
we see that 

lim ||xfe|| = (\\x\\ 2 +a 2 ) 1 ' 2 and lim \\x k + y\\ = (\\x + y\\ 2 + a 2 ) 1/2 . (5.2) 

k-^-oo k— >oo 

Since ll&H -> 1, ||(/ + T)a|| -> c, t k -)■ * and ||Tf fc - (s,y)|| ^ 0, we have 
1= lim ||6fc|| = lim \\(t k ,x k )\\ = lim ||(t,a; fc )||, 

k— >oo k— $-00 k— ¥00 

c= lim ||(/ + T)&||= lim ||& + (a,|/)|| = lim ||(t fc + s, x fe + y)|| = lim \\(t + s,x k + y)\\. 

Using (|5.1j) . ()5.2j) and continuity of tp, we obtain 

<p(t,(\\x\\ 2 +0 2 ) 1 ' 2 ) = 1 and <p(t + s,(\\x + y\\ 2 + a 2 ) 1 / 2 )=c. (5.3) 

Since % is infinite dimensional and T has finite rank, the linear subspace 

L = {v £ H : T(0, v) = 0, (w, x) = (u, y) = 0} 

has finite codimension and therefore is non-trivial. Hence we can pick u £ L such that = a. Since u 
is orthogonal to both x and y, we see that ||x + u|| = (||x|| 2 +0 2 ) 1 / 2 and ||x + y + u|| = (||x + y|| 2 +a 2 ) 1 ^ 2 . 
Hence, according to (|5.1j) and (|5.3|) 

|| (t, x + u)| = ip(t, ||x + u||) = 1 and \\(t + s,x + y + u)\\ = <p(t, \\x + y + u\\) = c. 

Finally, since T(0, u) = 0, we have T(t, x + u) = T(t, x) = (s, y). Hence 

(I + T)(t,x + u) = (t + s,x + y + u). 

Since c = ||J + T\\, from the last two displays it follows that I + T attains its norm on the vector 
(t,x + u). □ 

Theorem 11.91 follows from Theorem 15.11 since Y ® p £2 for a finite dimensional Banach space Y is a 
particular case of a proper extension. 
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6 Examples with rank one operators 

As was already mentioned in the introduction, Shargorodsky [22] constructed T £ IC(£i) such that (11. 5p 
fails for T for one prescribed e > 0. We shall demonstrate that for X = l\ and X = cq one can find a 
rank 1 operator T for which (II. 5j) fails for any e > 0. As usual, we denote the canonical basis in Co or l\ 
by {e n } n ^ . 

Example 6.1. Let T £ L(c Q ), 



Tx = f]T 2- n Xn ) 
\i=i ' 



e . 



Then T has rank 1, T 2 = and /or any z € K, \\T + z/|| = 1 + \z\ and the operator T + zl does not 
attain its norm. 

Proof. Obviously, T has rank 1, ||T|| = 1 and T 2 = 0. Let z £ K and r = \z\. Since ||T|| = 1, we have 
\\T + zl\\ < 1 + r. For n £ N, consider x„ = (r/z)eo + ei + e 2 + . . . + e n . Clearly ||a; n || = 1 and the 
eo-coefficient of (T + zl)x n equals r + 1 - 2~ n . Hence \\T + zl\\ > r + 1 - 2~" for any n € N. Thus 
||T + zl|| ^ 1 + r. Since the opposite inequality is also true, ||T + zl\\ = 1 + r. It remains to show that 
T + zl does not attain its norm. Assume the contrary. Then there exists x £ cq such that ||x|| = 1 and 
\\y\\ = 1 +r, where y = zx + Tx. Since Tx is a scalar multiple of eo, we have ?/„ = zx n for n G N. Hence 

oo 

\y n \ ^ r for n £ N. Thus 1 + r = ||y|| = |j/o|- Using the definition of T we obtain yo = ^xq + 2~™x„. 
Hence 

oo oo 

1 + r = 1 2/0 1 < \z\\x \ + J2 2~ n |a:n| < r + ^ 2"" = 1 + r. 

n—l n—1 

The latter is possible only if \xj\ = 1 for any j which contradicts the inclusion x £ cq. □ 
Example 6.2. Let T £ L{i x ), 

Tx= {y j {l-2- n )x r \e . 
V=i ' 

Then T has rank 1, T 2 = and /or any z € C, \\T + zl\\ = 1 + \z\ and the operator T + zl does not attain 
its norm. 

Proof. Obviously, T has rank 1, ||T|| = 1 and T 2 = 0. Let z £ K and r = |z|. For n £ N, we have 
(T + zl)e n = (1 - 2™)e + ze n . Hence ||(T + z/)e n || = 1 + r - 2"™. Since ||e„|| = 1, we see that 
\\T + zl\\ ^ 1 + r. Since the opposite inequality is also true, \\T + zl\\ = 1 + r. It remains to show that 
T + zL does not attain its norm. Assume the contrary. Then there exists x £ l\ such that ||x|| = 1 and 
|| 2/|| = 1 + r, where y = zx + Tx. By definition of T, 



l + r = \\y\\ 



zx +J2{^ -2-"K +r^|x n | ^ r|x | +^(l + r-2-")|x„| < (l + r)||x|| - 1 + r. 



n=l 



The latter inequality is due to the fact that the coefficients r and 1 + r — 2 "in the last sum are strictly 
less than 1 + r. This contradiction completes the proof. □ 



The following Proposition clarifies the situation with the above two operators and formula (jl.5l) . 

Proposition 6.3. Let T be the operator from either Example 16.11 or Example 16.21 in the case K = C. 
Then for any e > 0, T,° £ {T) = a e (T) £ S e (T). 

Proof. Since T 2 = 0, cr(T) = {0} and for any z £ C\{0}, (T-z/)- 1 = {- Z - 2 ){T + zl). Thus (T-zrp 1 
attains its norm if and only if so does T + zl and \\(T - z/) _1 || = |z|~ 2 ||T + zl\\ = |z| _1 + |z|~ 2 > |z| _1 . 
Since T + zl never attains its norm, we, applying Proposition II .21 see that 

E°(T) = cr e (T) = {z G C : Iz^ 1 + |z|- 2 > e" 1 } = {z : |z| < e + V '4e + £ 2 } for any e > 0. 
On the other hand, 



E e (T) = {z G C : Izl" 1 + |z|~ 2 > e" 1 } = {z : |z| < e + V^e + e 2 } for any e > 0. 
Clearly S°(T) ^ S e (T) for each e > 0. □ 
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6.1 Proof of Proposition 11.101 

Recall that a subset A of a vector space X is called balanced ii Xx E A whenever x <E A, A G K and 
|A| ^ 1. A set is called absolutely convex if it is convex and balanced. By aconv(^4) we denote the 
absolutely convex hull of A, being the minimal absolutely convex set containing A. Clearly 



{n n 
XjXj : n E N, x\, . . . , x n G A, Ai, . . . , A„ G K, |Aj| ^ 1 



(6.1) 



For a subset A of a topological vector space X, aconv(A) stands for the closure of aconv(A). We recall 
two elementary properties of absolutely convex hulls. The proof of the first one can be found in virtually 
any book on topological vector spaces, see, for instance, [20]. The second one is proved in [6]. For a 
different proof see |24) . 

Lemma 6.4. Let n £ N and K\, . . . ,K n be compact convex subsets of a Hausdorff topological vector 
space X. Then 

(n \ , n \ s n n 

|J Kj J = aconvf |J K 3 j = I £ X i x i : ^ e K < x i e K i> l A il < 1 

Moreover, the above set is compact. 

Lemma 6.5. Let {x„}„gn be a sequence of elements of a sequentially complete locally convex Hausdorff 
topological vector space X, converging to x G X as n — ¥ oo. Then 



{oo 
CtQX + ( 



a n x n : a £ fi, IMIi ^ 1 \i where A — {x n : n € N}. 



Moreover, aconv(^l) is metrizable and compact. 

From now on in this section, by || • 1 1 2 we denote the canonical norm on £ 2 . We use the same symbol 
to denote the standard Euclidean norm on K 2 : 

\\(t, S )\\ 2 = (\t\ 2 + \s\Y /2 . 
Let also {e„} n£ N be the canonical orthonormal basis in £2- For x £ £2 we denote 

x' = X — X\C\ — X2&2- 

That is, x' is the orthogonal projection of x onto the closed linear span of the vectors e%,e±, . . . . Fix a 
sequence {<7„}„£N of positive numbers such that 1/2 < q n < 1/V2 for each n £ N and lim q n = 1/2. 
Consider the set B C £2, 

B=ix + jT(a n (e 2 + e„ +2 ) + f3 n q n ( ei + e 2 + e n+2 )) : \\x'\\ 2 + \\(x 1 ,x 2 )\\2 + ||a||i + \\0\\i < l), (6.2) 

n=l J 

where x G £2, a, ft € ^i and || • ||i is the canonical norm in l\. Obviously, Li is absolutely convex. Taking 
into account that ||e 2 + e„ +2 || 2 = V% and ||<Zn(ei + e 2 + e„ +2 )|| 2 = q n VS ^ \/3/2, we see that 

|H| 2 < \/2 for any u <E B. (6.3) 

Now if ||u|| 2 ^5 1/2, then ||ii'|| 2 + |ui| 2 + |u 2 | 2 1/4. An elementary application of the Cauchy inequality 
gives ||u'|| 2 + ||(wi,m 2 )|| 2 < 1. Taking a = (3 = and x — u, we see then that u G B. Thus 

ueB if ||u|| 2 <l/2. (6.4) 

We consider the norm |j • || on £ 2 being the Minkowski functional of the set B. Formulae (j6.3[) and 
imply that it is indeed a norm and that it is equivalent to the Hilbert space norm || • || 2 : 

2~ 1/2 ||d| 2 s: Hull ^ 2||d| 2 for all u G l 2 . 
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In particular, £ 2 endowed with the norm || • || is a reflexive Banach space. Using the definition of the 
Minkowski functional, we have that for u £ £ 2 , 



H =inf \\x'\\ 2 + \\(x 1 ,x 2 )\\ 2 + \\a\\ 1 + \\P\\ 1 :u = x + 



OO n 

^2(a n (e 2 + e n+2 ) + (3 n q n (e 1 +e 2 + e n+2 )) >■ (6.5) 

n=l ' 



We shall show that B coincides with the closed unit ball with respect to the norm || • ||. Since B is 
bounded and absolutely convex, it suffices to show that B is closed in i 2 . First, note that the set 

B 1= {xe£ 2 : \\x'\\ 2 + \\(x u x 2 )\\ 2 < 1} (6.6) 

is weakly compact and B\ C B. Next, let B 2 = aconv{e2 + e n+2 : n £ N}. Since the sequence e 2 + e n+2 
converges weakly to e 2 , Lemma 16.51 implies that B 2 is weakly compact and 



se 2 + ^ a n( 

n=l 



B 2 = \ se 2 + V a„(e 2 + e n+2 ) : \s\ + ||a||i < I}. (6.7) 



It follows that B 2 C B. Indeed, for u = se 2 + ^ a n {e 2 + e n ^ 2 ) € B 2 , one has just to take x = se 2 and 

n=l 

P = to see that u € B. Similarly, let B3 = aconv{(7„(ei + e 2 + e n+2 ) : n € N}. Since the sequence 
9n(ei + e 2 + e n+2 ) converges weakly to (ei + e 2 )/2, Lemma 16.51 implies that B3 is weakly compact and 



B 3 = |^(ei+e 2 ) + ^/3„g„( ei +e 2 + e n+2 ) : \t\ + WP^ ^ l|. 



(6.8) 



As above, it is clear that B3 C B. Since B is absolutely convex, we have 

B = aconv(Bi U B 2 U B 3 ) C B. 

By Lemma l6.4| Bq is weakly compact and 

B Q = {ax + by + cw:x€ B u y £ B 2 , we B 3 , \a\ + \b\ + \c\ ^ 1}. (6.9) 

From formulae (|6.6H6.9|) and (|6.2j) it follows that B C _B . Hence B = Bq and therefore _B is weakly 
compact. Thus -B is closed in l 2 which ensures that B is the closed unit ball for the norm (|6.5j) . It follows 
that the infimum in (|6.5[) is always attained and that we can write 



\U\\ = mm 



|as'||2 + ||(x 1 ,a!a)||2 + ||a||i + ||/8||i : u = x+Y j (a n (e 2 +e n+2 )+p n q n (e 1 +e 2 +e n+2 )) \. (6.10) 



n=l 

Lemma 6.6. The norm on £ 2 defined by (|6.5[) satisfies the following conditions: 
EUl) \\e 2 + e n+2 \\ = 1 for any n e N: 
6l6j2) q n \\ei + e 2 + e n+2 || = 1 /or any neN. 



Proof. Taking 2 = 0, p — and a — e n , we see that e 2 + e„+ 2 G B. Hence \\e 2 + e n+2 \\ ^ 1. Assume 
that || e 2 + e n + 2 || < 1. Then there exist x £ £ 2 and a, /3 € l\ such that 

||z'|| 2 + ||(a;i, : r 2 )|| 2 + ||a|| 1 + H/3II! < 1 (6.11) 

and 

00 

e 2 + e„ +2 = x + ^(a fc (e 2 + e fe+2 ) + P k qk(ei + e 2 + e fc+2 )). 
fe=i 

Taking the inner product of both sides of the above equality with e 2 , we obtain 



1 = x 2 + ^{ak + qkPk)- 



k=l 
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Hence 

oo 

\x 2 \ + ^2(\a k \+q k \f3 k \) > 1, 

k=\ 

which contradicts (|6.11|) . This contradiction proves (|6.6I 1). 

Taking x = 0, a = and j3 = e„, we see that q n (ei + e 2 + e„ +2 ) G -B. Hence g n ||ei + e 2 + e»i+2|| *S 1< 
Assume that q n ||ei + e2 + e n +2|| < 1< Then there exist x £ £ 2 and a,/3 G l\ such that 

oo 

q n {e\ +e 2 + e n+2 ) = x + '^(a k (e 2 + e k+2 ) + /3 k q k (ei + e 2 + e k+2 )). 

k=i 

and (|6.11| is satisfied. Taking the inner product of both sides of the above equality with e„+ 2 , ei and e 2 
we obtain the following equality in K 3 : 

q n (l - /3„)(1, 1, 1) = (x n+2 , Xl ,x 2 ) + a n (l,0, 1) + 5^(ofc(0, 0, 1) + p k q k (0, 1, 1)) = 
= (x n+2 ,T,a) +a„(l,0, 1), where (r, cr) = (a; x , x 2 ) + (a*,(0, 1) + /3 k q k (l, 1)). (6.12) 

Note that ||(0, 1)||2 = 1 and ||gfc(l, 1)|| 2 ^5 1 since q k ^ 1/V2- Using (|6.12l) and the triangle inequality, 
we obtain 

\\(T,a)\\ 2 ^\\(x u x 2 )\\ 2 + J2(\ak\ + \f3k\). 

From the last display together with (|6.11[) and (|6.12[) . it follows that 

?n(l - /3» t )(l, 1, 1) = ((x n + 2 + a n )e n+2 ,T,a + a n ), where \x n+2 \ + \a n \ + \/3 n \ + ||(t,ct)|| 2 < 1. 

Dividing by 1 - [3 n and denoting y = x n+2 /(l - /3„), a = a n /(l - n ), r = r/(l - /3 n ) and p = er/(l - /3„) 
we see arrive to the following equality in K 3 : 

(q„,q„,q n ) = (y + a,r,p + a), where \y\ + \a\ + \/\r\ 2 + \p\ 2 < 1. 

Hence r — q n , p = y — q n — a and 

|o| + \<h ~a\ + Vkn\ 2 + \q n - a\ 2 < 1. (6.13) 

On the other hand, q n > 1/2 and therefore \a\ + \q n — a\ > q n > 1/2 and vtenF + \0n — a| 2 ?n > 1/2. 
Hence |a| + \q n — a\ + \/\q n \ 2 + \q n — a| 2 > 1 which contradicts (|6 . 13[) . This contradiction completes the 
proof of dH2). □ 

Remark. In a similar way one can show that = ||u|| 2 if either u\ = u 2 = or u belongs to the 
linear span of e\ and e 2 

Now we consider the operator S £ L(£ 2 ) defined by the formula Su = u + u 2 e\. Clearly S is the sum 
of the identity operator and a bounded rank 1 operator Tu — u 2 e\. Obviously, T 2 = 0. Proposition II. 101 
will be proved if we verify that \\S\\ = 2 and S does not attain its norm. 

Lemma 6.7. For any non-zero u £ 1%, \\Su\\ < 2||u||. 

Proof. Let u £ l 2 be such that \\u\\ = 1. It suffices to show that \\Su\\ < 2. Since |ju|| = 1, from f|6 . 10[) it 
follows that there are x £ i 2 and a, /3 £ l\ such that 

oo 

u = x + ^(a„(e 2 + e n+2 ) + /3 n q n (ei + e 2 + e„ +2 )), (6-14) 
n=l 

||o:'|| 2 + ||( a ; 1 , a ;2)|| 2 + ||a|| 1 + ||/3|| 1 = l. (6.15) 
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Next, from (|6,14[) and the definition of S, we obtain that 

oo oo 

Su = x + Te 1 + ^2q n (f3 n + q- 1 a n )(e 1 +e 2 + e n+2 ), where r = x 2 + g„/3„. 

n— 1 n— 1 

Using (|6.5[) , we see that 

oo 

||5u|| < \\x'\\ 2 + \\{x 1 +T,x 2 )\\ 2 + Y,\Pn + q~ 1 a n \. 

n=l 

From the definition of r it follows that 

oo 

\\Su\\ sC ||x'|| 2 + ||( a ; 1 + a ; 2 , a;2 )|| 2 + ^((l + (?n )|/3„|+ g - 1 |a„|). 

n=l 

Taking into account that the norm of the operator with the matrix f ^ acting on the 2-dimensional 

Hilbcrt space K 2 equals ( 3+ 2 ) < §, we have ||(xi + x 2 , x 2 )|| 2 < §||(xi, £ 2 )|| 2 - Substituting this into 
the last display and taking into account that 1 + q n ^ 1 + < ~, we obtain 

\\Su\\ < \\x'\\ 2 + -IKari.^Ha + jH/311: + J] 9n X KI- 

n— 1 

Since the coefficients in the above display in front of ||a;'|j 2 , ||(xi,2; 2 )|| 2 , ||/3||i and each \a n \ are all strictly 
less than 2, formula (|6. 15[) implies that \\Su\\ < 2. □ 

Now, observe that S(e 2 +e n+2 ) = ei+e 2 + e„ +2 . By Lemma l6.61 ||e 2 +e n+2 || = 1 and ||ei + e 2 + e„ +2 || = 
g^ 1 . Hence ||5|| ^ g^ 1 for any n G N. Since g" 1 — > 2 as n — > 00, we have ||5|| ^ 2. Thus from Lemma 15771 
it follows that ||5|| =2 and S does not attain its norm. This completes the proof of Proposition 1 1,1 01 



7 Concluding remarks 

1. A more general approach to study the class W is to consider the following property. 

Definition 3. We say that a Banach space X is tame if for any y G X, x G X\ {0} and any sequence 
{un}neN in X weakly convergent to zero, 

— Ib + 'M ^ J\ bill / 7 -n 
lmi ^ ^ max< 1, - — - >. (7 .1) 



n->oo ||a; + u n \\ \ \\x\\ 

It is easy to see that p-spaces for 1 < p < 00 are tame. 

Proposition 7.1. Let X be a reflexive Banach space such that either X or X* is tame. Then X G W. 

Proof. According to Corollary 14.31 it is sufficient to consider the case, when X is tame. Let T G K{X) 
and \\I + T\\ = c > 1. Since X is reflexive, we can pick a sequence {x n }ne^ of elements of X such that 
||x n || — > 1, + T)a; n || — > c and {x n } is weakly convergent to x G X. By Lemma 13.51 x ^= 0. Since the 
sequence u n = x n — x is weakly convergent to and T is compact, Tx n is norm-convergent to Tx. Hence 
1 1 a; + Tx + u n \\ = \\x n + Tx\\ — > c. Since X is tame, we have 

\\x + Tx + u n \\ f ||a: + Ta!|| 

c = hm n < max^ 1, 



\\x + Un\\ ^ I ' \\x\\ 



The inequality c > 1 and the last display imply that ||x + Tx\\ c||x|j. Taking into account that 
c = ||7 + T\\, we see that I + T attains its norm on x/||x||. □ 
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Unfortunately, it seems there are no known examples of tame Banach spaces which are not j?-spaces. 
This naturally leads to the problem of characterizing the tame spaces. 

2. Analyzing the proof of Theorem II. 61 one can easily see that ifl<p<oo,Aisa p-space and 
T E IC(X) is such that j|7 + K\\ > 1, then whenever {x n }n£f( is a sequence of elements of X weakly 
converging to x £ X and satisfying ||x n || — > 1, + T)x n \\ — > ||7 + T\\ asm oo, then {x n } is norm 
convergent to x and I + T attains its norm on x. 

3. In a recent paper [23) Shargorodsky and the author constructed a strictly convex reflexive Banach 
space X and S € L(X) such that for some s > 0, the level set S e (5) \ cr e (S) has non-empty interior. The 
space X constructed in ^23 is an ^-direct sum of a countable family of finite dimensional Banach spaces. 
Thus by Theorem 11.51 (|1.5j) holds for any T £ L(X). This observation shows that there is no relation 
between validity of (|1.5|) and meagreness of the level sets of the norm of the resolvent. 

4. Let 1 < p < oo. As it follows from Proposition ll .41 and Theorem ll.61 any subspace of an € p -direct sum 
X of a family of finite dimensional Banach spaces belongs to W. Applying Corollary 14.31 one can easily 
see that same holds true for quotients of X as well. Indeed, X* is naturally isometrically isomorphic to 
an £ p /-direct sum of a family of finite dimensional Banach spaces, where ^ + y = 1. Moreover, for any 
closed linear subspace Y of X, (X/Y)* is naturally isometrically isomorphic to a subspace of X* . 

5. It would be interesting to figure out which classical Banach spaces do belong to the class W. A good 
starting point would be to address the spaces L p [0, 1] for 1 < p < oo. There is a strong indication against 
their membership in W for p ^ 2. Namely, it is easy to show that L p [0, 1] for p ^ 2 is not tame. 

6. The compactness condition in Propositions 11.31 and II .21 can be replaced by the weaker condition of T 
being strictly singular. The proofs work without any changes. 

References 

[1] M. Acosta, Denseness of norm- attaining operators into strictly convex spaces, Proc. Roy. Soc. Edinburgh 

Sect. A129 (1999), 1107-1114 
[2] M. Acosta, F. Aguirre and R. Paya, A new sufficient condition for the denseness of norm attaining operators, 

Rocky Mountain J. Math. 26 (1996), 407-418 
[3] M. Acosta and G. Ruiz, Norm attaining operators and refiexivity, Rend. Circ. Mat. Palermo (2) Suppl. 1998, 

no. 56, 171-177 

[4] M. Acosta and C. Ruiz, Norm attaining operators on some classical Banach spaces, Math. Nachr. 235 (2002), 
17-27 

[5] F. Aguirre, Norm-attaining operators into strictly convex Banach spaces, J. Math. Anal. Appl. 222 (1998), 
431-437 

[6] J. Bonet and P. Perez-Carreras, Barrelled locally convex spaces, North-Holland Mathematics Studies 131, 

North-Holland Publishing Co., Amsterdam, 1987 
[7] A. Bottcher, Pseudospectra and singular values of large convolution operators, J. Integral Equations Appl. 6 

(1994), 267-301 

[8] A. Bottcher, S. Grudsky and B. Silbermann, Norms of inverses, spectra, and pseudospectra of large truncated 
Wiener-Hopf operators and Toeplitz matrices, New York J. Math. 3 (1997), 1-31 

[9] F. Chaitin-Chatelin and A. Harrabi, About definitions of pseudospectra of closed operators in Banach spaces, 
Tech. Rep. TR/PA/98/08, CERFACS 
[10] J. Diestel, Geometry of Banach spaces — selected topics, Lecture Notes in Mathematics 485, Springer- Verlag, 
Berlin, 1975 

[11] E. Gallestey, D. Hinrichsen and A. Pritchard, Spectral value sets of closed linear operators, Proc. R. Soc. 

London, Ser. A 456 (2000), 930-937 
[12] B. Godun and S. Troyanski, Norm- attaining operators, and the geometry of the unit sphere of a Banach 

space, Soviet Math. Dokl. 42 (1991), 532-534 
[13] A. Harrabi, Pseudospectre d'une suite d'operateurs homes, RAIRO Model. Math. Anal. Mumer. 32 (1998) 

671-680 

[14] J. Partington, Norm attaining operators, Israel J. Math. 43 (1982), 273-276 

[15] S. Roch and B. Silberman, C -algebra technique in numerical analysis, J. Operator Theory 35 (1996), 241- 
280 



15 



[16] L. Trefethen, Pseudospectra of linear operators, SIAM Rev. 39 (1997), 383-406 

[17] L. Trefethen and M. Embree, Spectra and pseudospectra: the behavior of non-normal matrices and operators, 

Princeton University Press, Priceton, NJ, 2005 
[18] W. Schachermayer, Norm attaining operators on some classical Banach spaces, Pacific J. Math. 105 (1983), 

427-438 

[19] W. Schachermayer, Walter Norm attaining operators and renormings of Banach spaces, Israel J. Math. 44 
(1983), 201-212 

[20] H. Schafer, Topological vector spaces, MacMillan, New York, 1966 

[21] E. Shargorodsky, On the level sets of the resolvent norm of linear operators, Bull. Lond. Math. Soc. [to 
appear] 

[22] E. Shargorodsky, On the definition of pseudospectra, Bull. Lond. Math. Soc. [to appear] 
[23] E. Shargorodsky and S. Shkarin, The level sets of the resolvent norm and convexity properties of Banach 
spaces, [preprint] 

[24] S. Shkarin, Some results on solvability of ordinary linear differential equations in locally convex spaces, Math. 
USSR Sbornik 71 (1992), 29-40 



Stanislav Shkarin 
Queen's University Belfast 
Department of Pure Mathematics 
University road, BT7 INN Belfast, UK 
E-MAIL ADDRESS: s.shkarin@qub.ac.uk 



16 



